Using the leading order amplitudes of hard exclusive electroproduction of pion pairs we have analyzed the angular distribution of the two produced particles. At leading twist a pion pair can be produced only in an isovector or an isoscalar state. We show that certain components of the angular distribution only get contributions from the interference of the I = 1 and the (much smaller) I = 0 amplitude. Therefore our predictions prove to be a good probe of isospin zero pion pair production. We predict effects of a measurable size that could be observed at experiments like HERMES. We also discuss how hard exclusive pion pair production can provide us with new information on the effective chiral Lagrangian.
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I. INTRODUCTION
The factorization theorem [1] states that the amplitude of the exclusive production process 
where H ij is a hard part computable in pQCD as a series in α s , Φ F j is the distribution amplitude of the hadronic state F , and f T i/T is a T → T skewed parton distribution [1] [2] [3] [4] (for a review see [5] ). Skewed parton distributions (SPD's) are related to matrix elements of bilocal operators between states of different momentum. They are generalizations of the usual parton distributions which parameterize the diagonal matrix elements of the corresponding operators. Therefore hard exclusive electroproduction opens a new way to study the partonic structure of hadrons. Naturally, for the experimentally accessible range of Q 2 the size of the 1/Q suppressed power corrections can be rather large, the quantitative estimates of higher twist corrections are therefore in the focus of recent investigation [6] . Still, the formalism has been used to investigate exclusive production of single light mesons [1, [7] [8] [9] [10] . For the starting point of the present work it is important to note that the factorization theorem is not limited to the case where the produced hadronic state F in reaction (1) is a one particle state provided that its invariant mass is small compared to Q [11] .
In the present paper we present a detailed analysis of hard exclusive electroproduction of two pions to leading order in the strong coupling constant α s . In that case Φ F j in the expression (2) is a two-pion distribution amplitude (2πDA). At leading twist the pion pair can be produced in a state with isospin one or zero. For I = 1 the process is dominated by the ρ peak. (So in a certain sense our approach can be considered as an alternative description of ρ production, which has been studied earlier using a distribution amplitude for the ρ meson [1, [7] [8] [9] [10] ). The description of pion pair production at small x Bj in terms of 2πDA's was considered in Ref. [12] , where it was demonstrated that such a description allows us to determine the details of the partonic structure of the pion and the ρ meson from data on the di-pion mass distributions in hard diffraction alone.
Here we are mainly interested in the production of I = 0 pion pairs. It seems to be difficult to investigate isoscalar pair production by the measurement of total cross sections because identifying π 0 π 0 production events would require detecting 4 correlated photons whereas π + π − production is dominated by the isovector contribution due to the ρ resonance (see our analysis in [13] ). However, we show that the angular distribution of the produced pion pairs contains components that depend only on the interference of the I = 0 and the I = 1 channel. Using specific models for the involved SPD's and 2πDA's we predict effects of a measurable size and suggest the most favorable kinematic range for such measurements.
The interesting feature of hard exclusive production of pion pairs in an isoscalar state is that the pions are produced not only by a collinearpair but also (and in the same order in 1/Q and α s ) by two collinear gluons. This observation opens a possibility to access the gluon content of the isoscalar ππ states. In the analysis of the present work we shall assume that the elusive isoscalar ππ resonance f 0 (400 − 1200) has no anomalously large gluon contents as it was suggested e.g. in [14, 15] . The use of hard exclusive pion pair production for "gluonometry" of the low-lying isoscalar resonances will be considered elsewhere.
II. AMPLITUDES AND INTENSITY DENSITIES
In this section we calculate the amplitude of hard two-pion electroproduction to leading order in 1/Q 2 and α s in terms of SPD's and 2πDA's and show how they are connected to the so called intensity densities which we define as
boost θ Here θ is defined as the scattering angle of the π + or one π 0 (for π + π − or π 0 π 0 production respectively) in the center of mass system of the two pions with respect to their total momentum e.g. in the laboratory system (see Fig. 1) 1 . We consider the process
where a linear polarized virtual photon with momentum q and a nucleon B 1 with momentum p produce a final state with a baryon B 2 (a nucleon or a heavier state) with momentum p = p + ∆ and a pion pair with total momentum q . Note that the amplitude for the corresponding production process with a transversally polarized virtual photon is 1/Q power suppressed (with Q 2 = −q 2 ). Therefore the (sub-) process (4) with a longitudinally polarized photon is the only leading contribution to the electroproduction reaction e − (l) + B 1 (p) → ππ(q ) + e − (l − q) + B 2 (p + ∆). Using two light cone vectors n andñ normalized such that
the relevant momenta can be expressed as
with 1 In principle one can analogously define a more general intensity density Y lm (θ, φ) ππ . However, our analysis shows that at leading twist the production rate is independent of the azimuthal angle φ. Therefore non-vanishing results are obtained only for the intensity densities Y l0 (θ, φ) ππ , which are up to a constant normalization factor equal to P l (cos θ) ππ defined in (3).
∆ ⊥ is defined to be that spacelike component of the momentum transfer ∆ which is transverse to the light cone vectors n andñ, t is the momentum transfer squared t = ∆ 2 , and ξ is the skewedness parameter describing the longitudinal component of the momentum transfer
which in the Bjorken limit Q 2 → ∞ can be expressed in terms of the Bjorken variable
Examples of the three classes of leading order diagrams for hard exclusive pion pair production.
The leading order amplitude for the reaction (4) corresponds to diagrams of the type shown in Fig. 2 and has the form
where e f is the electric charge of a quark of flavor f in units of the proton charge e and ε µ L is the longitudinal photon polarization vector
The functions F ff (τ, ξ, t) and F G (τ, ξ, t) are skewed parton distributions for quarks or gluons respectively defined as
The gluon color index A is understood to be summed over. The two-pion distribution amplitudes
and
describe how a pion pair is produced by two quarks or gluons respectively. The variable z is the fraction of the longitudinal (along the vector n) meson pair momentum q = q − ∆ carried by one of the two partons. The variable ζ characterizes the distribution of the longitudinal component of q between the two pions and is given in terms of the momentum k a of the pion π a and the total momentum of the pion pair q by
Let us note that ζ is related to the angle θ defined above by
In the definitions (12) - (15) (14) and (15) can be isospin decomposed and expressed in terms of only two independent quark 2πDA's corresponding to isospin I = 0 and I = 1 pair production respectively and one single gluon 2πDA. For π + π − production we have
and for π 0 π 0 production
Taking into account the C-invariance of the underlying theory one can easily derive the following symmetry properties for the three 2πDA's:
Using the decompositions (18) - (21) and the symmetry relations (22), (23) the transition amplitudes (10) for π + π − and π 0 π 0 production and an elastically scattered proton target can be written in the form
with
HereΦ I=0 andΦ I=1 are functions of m ππ and cos θ defined as
and I ± f , I G are the following integrals over SPD's depending on x Bj and t:
In the next section we will show that restricting the z-dependence of the 2πDA's to their asymptotic shapes but keeping the momentum fraction M Q 2 carried by quarks in the pion (gluons have the momentum fraction M
as a free parameter these functions take the form
where f 0 and f 2 are Omnès functions, F π (m ππ ) is the electromagnetic form factor of the pion, N f the number of light quark flavors, and C = 1 + bm
is an integration constant estimated in the instanton model of the QCD vacuum [16] . Using these expressions the integrals (29) and (30) can be evaluated:
The differential cross section of the electroproduction process is given in terms of its T -matrix elementT
where l is the initial lepton momentum, y is defined by y = p·q/p·l and corresponds to the energy loss of the scattered lepton in the proton rest frame, and the sum is understood to run over the spin polarizations of the scattered nucleon and lepton. The T -matrix element of the electroproduction reaction e
is related to the amplitude of the sub-process (4) calculated above bỹ
For the spin sum one gets
Using (38) and (40) the intensity densities defined in (3) are obtained to be
The cos θ-integrals can be solved analytically, they only involve integrals over products of 3 Legendre polynomials as can be seen comparing the previous equation with (25) - (28), (36) , and (37). The full expressions are rather lengthy and are shown in the appendix. Non-vanishing results are obtained for π + π − -production for l = 1, 2, 3, 4. Note that for l = 1 and l = 3 only the interference term (T I=0 ) * T I=1 + c.c. contributes to the nominator of Eq. (41). These two intensity densities are highly sensitive on the production amplitude for isoscalar pion pairs, a vanishing I = 0 amplitude would imply that P 1 (cos θ)
only the intensity densities P 2 (cos θ)
We have mentioned above that our analysis is valid only up to 1/Q power corrections, which are not necessarily negligible at realistic scales in experiments like HERMES. Therefore it is desirable to define quantities for which at least some power suppressed contributions are absent. Indeed we can exclude the basically uncontrolled contribution of transversally polarized photons taking an appropriate linear combination of P 1 (cos θ) ππ and P 3 (cos θ) ππ . The analysis of [17] shows that the combination P 1 (cos θ) ππ + 7/3 P 3 (cos θ) ππ projects out the component of vanishing helicity of the final two pion state (see also appendix B of [18] ). Assuming s-channel helicity conservation we can conclude that only longitudinal polarized photons contribute to this component.
III. TWO-PION DISTRIBUTION AMPLITUDES
The two-pion distribution amplitudes defined in (14) and (15) describe the fragmentation of a pair of collinear partons (quarks or gluons) into the final pion pair [19] . Some properties of the 2πDA's were already presented in the previous section (Eqs. (18) - (24)). In this section we want to discuss further constraints for these functions that allow us to construct realistic models for them.
Following [16, 20] we decompose both quark and gluon 2πDA's in conformal and partial waves (see [16, 20] ). For the quark 2πDA's the decomposition reads
while for the gluon 2πDA we have
with the Legendre polynomials P l (x) and the Gegenbauer polynomials C µ n (x). The expansion of the z-dependence in Gegenbauer polynomials is chosen such that under evolution of the 2πDA's the coefficients B [21, 22] . With the choice of Legendre polynomials for the ζ-expansion the above decomposition is directly related to the partial wave expansion of the resulting production amplitude for pion pairs. The 2πDA's are related to the distribution amplitudes of a single pion ϕ π (z) by soft pion theorems of the form [16, 20] 
Additional constrains are provided by the crossing relations between the quark and gluon 2πDA's and the corresponding (skewed and forward) parton distributions in the pion. For the derivation of the crossing relations see [16] (for quark 2πDA's) and [20] (for the gluon 2πDA). Expressed in terms of the coefficients B I nl , and A G nl they take the form
where
Here M Q 2 and M G 2 are the momentum fractions carried by quarks or gluons respectively in the pion. The first moment of Φ I=1 can be determined by crossing even for arbitrary values of m ππ and is expressed in terms of the electromagnetic pion form factor F π (m ππ ) in the following way:
This is due to the fact that crossing relates the moment on the left hand side of Eq. (53) to the first moment of the corresponding pion SPD which is given by the pion form factor. Before studying the m ππ -dependence of Φ I=0 and Φ G we want to discuss the asymptotic shape of the 2πDA's. In the asymptotic limit only the coefficients B 
while taking into account the soft pion theorems (45), (47) 
The explicit form of the Q 2 -dependence in LO implies that the linear combinations A die out at large Q 2 due to the mixing between the gluon and the quark 2πDA. This can be used to fix the asymptotic values for M
However, in order to be more general we do not restrict ourselves to these values but keep M Q 2 as a free parameter. The m ππ -dependence of the 2πDA's can be analyzed by means of dispersion relations [16] . A similar analysis can be found e.g. in Refs. [24, 25] , where the effect of final state interactions on the decay of a light meson into two pions is investigated. In the region m 2 ππ < 16m 2 π the imaginary part of a 2πDA is related to the pion-pion scattering amplitude due to final state interactions by Watson's theorem [26] . For Φ I=0 (In the analysis of Φ G the line of argument is exactly the same) this relation can be written in the form 
Solutions of such dispersion relations were found long ago by Omnès [27] and can be written in the form 2 2 We give here the simplest form of the solution with only one subtraction and assuming that B I=0 nl (mππ) has no zeros in the relevant mππ-interval. The presence of a zero in B I=0 nl (mππ) at some value of mππ can be interpreted as a signature for a glueball in the ππ channel. This case shall be considered elsewhere.
where f l (m ππ ) are the so called Omnès functions. By derivation, the solution (61) is valid only for m 2 ππ < 16m 2 π , however, the deviations due to inelastic pion-pion scattering are expected to be small up to rather high energies. In terms of the Omnès functions the (quasi-) asymptotic 2πDA's Φ I=0 and Φ G take the form
The constant C in Eqs. (62) and (63) plays the role of an integration constant in the Omnès solution to the corresponding dispersion relation. From the soft pion theorem it follows that C = 1 + O(m 2 π ). Using the instanton model for calculations of B nl (m ππ ) at low energies [16, 20] one finds the constant C to be equal to:
In the section V we shall discuss the relation of the constant C and the near threshold behavior of f 0 (m ππ ) to the effective chiral Lagrangian. The expressions (54), (62), and (63) are exactly those we have used for the 2πDA's in the analysis of the previous section.
IV. MODELING THE SKEWED PARTON DISTRIBUTIONS
The skewed parton distributions defined in Eqs. (12) and (13) can be decomposed into different Lorentz structures. Adopting the notation of [5] we can write
The SPD's H f (τ, ξ, t) and H G (τ, ξ, t) are highly constrained by their forward limit whereas only little is known about the functions E f (τ, ξ, t) and E G (τ, ξ, t) (however, it is clear that their contribution vanishes when the skewedness ξ goes to zero).
For our analysis we model the functions H f (τ, ξ, t) and H G (τ, ξ, t) using Radyushkin's double distributions [4] . The SPD's H(τ, ξ, t) are related to the so called nonforward parton distributions F ζ (X, t) by:
with ζ = 2ξ 1+ξ . The skewed parton distributions are obtained from the double distributions by the integral
For the double distributions we adopt now the ansatz suggested by Radyushkin [28] F (x, y, t = 0) = q(x) π(x, y) (for quark distributions) and F (x, y, t = 0) = xG(x) π(x, y) (for gluon distributions), where q(x) and G(x) are the ordinary quark and gluon parton distributions in the nucleon and π(x, y) is a profile function chosen to be π(x, y) = 6y(1 − x − y)(1 − x) −3 for quarks and π(x, y) = 30y
for gluons. The (forward) parton distributions are modeled using the MRS(A') parameterizations of the reference [29] at Q 2 = 4 GeV 2 (see footnote 3 ).
For the t-dependence of the SPD's we use a factorized ansatz [9, 10] motivated by sum rules that relate their first moments to form factors [3] . The quark SPD's are constrained by
with the Pauli form factor F 1 of the proton with respect to the flavor f . The corresponding ansatz for the symmetric part of H f (τ, ξ, t) is
We adopt a parameterization for the nucleon form factors taken from the appendix of [31] and take into account the relations
which are valid if the contribution of strange (and heavier) quarks to the nucleon form factor is neglected. Taking the first moment of τH G (τ, ξ, t) we can analogously motivate the model
with the gluon form factor of the proton defined by
For the gluon form factor we can adopt the parameterization of [32] :
with α = 3 and µ 2 = 2.6 GeV 2 . The same t-dependence we assume also for the antisymmetric part of
is not constrained by the sum rule (70), however, we expect a behavior similar to the gluon SPD due to the fact that H f (τ, ξ, t) − H f (−τ, ξ, t) and H G (τ, ξ, t) mix when they are evolved.
In [33] it was shown that the SPD's obtained by double distributions are not complete and that an additional term has to be added, the so called D-term. In our analysis we take into account this result by adding to the Radyushkin model result for H f (τ, ξ, t) a term estimated from the chiral quark-soliton model. We write
taking for the function D(x) the following numerical estimate
extracted from a calculation of the singlet quark SPD in the chiral quark-soliton model [34] . The same term with the opposite sign and multiplied with the corresponding form factor is taken as model for E f (τ, ξ, t) in order to satisfy the sum rule [5]
(Note that the part of H f (τ, ξ, t) resulting from a double distribution automatically satisfies Eq. (78).)
V. PROBING THE EFFECTIVE CHIRAL LAGRANGIAN IN HARD EXCLUSIVE REACTIONS
In
The constant C and the near threshold behavior of the functions F π (m ππ ), f 0 (m ππ ) and f 2 (m ππ ), which enter the expressions for the various intensity densities (see the appendix for a collection of formulae), are fixed by the EChL. Let us write the relevant terms of the fourth order EChL describing the interactions of soft pions with electromagnetic fields and with gravity [35, 36] :
Here F µν is the field strength of the photon field, R µν and R are the Ricci tensor and the curvature scalar of an external gravitational field, and U = exp(iπ a λ a /f π ) is the non-linear pseudo-Goldstone field. The ellipsis stands for the terms of the EChL that are not relevant for us here. Now we can use the results of the calculations in Refs. [35, 36] to express the constant C and the near threshold behavior of the functions F π , f 0 , and f 2 in terms of the constants L i in the EChL (79). Let us first introduce the scale dependent constants L r i (µ) which appear after proper renormalization of ultra-violet divergences we have
For further details see Refs. [35, 36] . Using these definitions and the results of chiral perturbation theory [35, 37] we obtain for F π (m ππ )
where the standard loop integral is defined by
The result for the constant C and the near threshold behavior of f 0 (m ππ ) and f 2 (m ππ ) can be easily extracted from the results of Ref. [36] :
Here the functionK P (m ππ ) is defined bȳ
One sees that hard exclusive production of ππ pairs at invariant masses close to the threshold m ππ = 2m π opens a possibility to measure the coefficients L 11−13 of the EChL. These coefficients cannot be accessed experimentally in low energy processes as for such experiments one would need a strong source of gravity. Let us note that the couplings in the EChL involving gravity are also of relevance for the description of a meson gas out of thermal equilibrium [38] (as e.g. in heavy ion collisions) as well as for the decay of a hypothetical light Higgs meson [39] . This simple example shows that hard exclusive processes have a big potential for studies of new properties of the EChL. In general, this kind of hard reactions allows to create low energy probes with quantum numbers that are not provided by nature or are hardly accessible.
VI. RESULTS AND DISCUSSION
In section II we have deduced analytical expressions for the cross sections and intensity densities in terms of skewed parton distributions of the nucleon, the electromagnetic pion form factor, the so called Omnès functions f 0 (m ππ ) and f 2 (m ππ ), and the momentum fraction M 4 . Let us note that for this choice the contribution of the gluon 2πDA to the isoscalar amplitude is exactly twice as large as the contribution from the quark 2πDA.
For the numerical results shown in this section we use the models for the SPD's of the previous section. The pion form factor F π (m ππ ) entering the isovector 2πDA is modeled using its parameterization given in [41] , which is in very good agreement with experimental data [42] . The Omnès functions contain information about the ππ resonances as well as about the non-resonant background. The function f 2 (m ππ ) is dominated by the f 2 (1270) resonance resulting in a peak at m ππ = 1.275 GeV. In our analysis we use the expression (61) for f 2 (m ππ ) with the D-wave pion scattering phase shift δ 0 2 given by the Breit-Wigner contribution of the f 2 (1270) resonance. For the the Omnès function f 0 (m ππ ) we use (except in Fig. 7 ) the Padé approximation suggested in [43] .
As a first result we show in Fig. 3 the ratio of the differential cross sections for the production of pion pairs with isospin I = 0 and I = 1 as a function of the invariant mass of the two pions m ππ at the three different x Bj -values x Bj = 0.1, x Bj = 0.2, and x Bj = 0.3. The squared momentum transfer t has been integrated from −0.6
The plot shows that relatively large I = 0 cross sections are to be expected at small m ππ close to the threshold due to the S-wave contribution and around 1.3 GeV due to D-waves, which are dominated by the f 2 (1270) resonance. Near the ρ resonance around 0.77 GeV, however, the isoscalar contribution is negligible compared to the production of isovector pion pairs. The slight difference to our result in [13] is due to the inclusion of the gluon SPD, which contributes only to isovector pion pair production, as well as to the fact that we have integrated over a finite t-interval. Fig. 3 shows that the most favorable kinematic region to observe the isoscalar channel by the measurement of intensity densities in π + π − production is in the two m ππ regions above or below the ρ resonance and at relatively large values of the Bjorken variable x Bj . This can also be seen from Figs. 4 and 5, where we show our results for the intensity densities P 1 (cos θ) 
this combination is relatively small, especially in the region of small m ππ -values near the threshold. The choice of the kinematic region is motivated by the above results and by the kinematic range of the HERMES experiment, where corresponding measurements can be done [44] . 4 Note that the process γ * γ → ππ, which is also sensitive to gluon 2πDA's (see Ref. [20] ), depends strongly on the ratio M Q 2 /M G 2 as noted recently in Ref. [40] Let us mention that the expressions for the cross sections entering our results for the intensity densities depend on the variable y = p · q/p · l only through the common factor (1 − y)/y 3 in Eq. (40) as long as we neglect the scale dependence of the SPD's. Therefore for comparison with experiments the cross sections can be taken as integrated over an arbitrary y-interval, a realistic choice could be 0.35 < y < 0.6.
Especially in the region near the threshold m ππ = 0.28 GeV the predictions are very sensitive to the Omnès function f 0 (m ππ ). To illustrate this dependence we also show in Fig. 7 the result for the alternative parameterization of [25] for f 0 (m ππ ) (dotted line). We see that the process of hard exclusive pion pair production is sensitive to the mechanisms of the low-energy scattering of pions in the isoscalar channel and therefore can be used to obtain new information on the chiral dynamics in this channel.
We have checked that ignoring the D-term contribution to the quark SPD changes the results by about 10%. This may be taken as an estimate for the uncertainty of our predictions due to a lack of knowledge about the SPD's, especially about the functions E(τ, ξ, t). Let us also note that NLO corrections in hard exclusive reactions, which are not included in the analysis of the present article, can be noticeable [20, 45] .
So far we have restricted ourselves to electron-proton scattering. The corresponding results for a neutron target can easily be obtained by the interchange I (27) and (28) due to isospin symmetry. A detailed analysis shows that in this case the ratio of the amplitudes for isoscalar and isovector pion pair production is approximately one order of magnitude smaller than for a proton target. This is due to a cancelation of the contributions of u-and d-quark SPD's in Eq. (27) because the u-quark density in the neutron (corresponding to the d-quark density in the proton) is roughly half as large as the d-quark density. Consequently we can predict that also the intensity densities P 1 (cos θ) 
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as a function of mππ with cross sections integrated over xBj from 0.05 to 0.4.
FIG. 7. P1(cos θ)
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as a function of xBj with cross sections integrated over mππ from the threshold to 0.6 GeV. The dotted line shows the corresponding result obtained using the fit of [25] instead of the Padé approximation for the Omnès function f0(mππ).
VII. SUMMARY
We have analyzed the angular distributions for exclusive electroproduction of pion pairs. Our analysis was based on the amplitudes at leading order in 1/Q 2 and α s . These amplitudes were expressed in terms of skewed parton distributions and two-pion distribution amplitudes, for which we have used realistic models. We have introduced intensity densities as Legendre moments of the two-pion angular distributions and we have shown that they are a good probe for the contribution of isoscalar pion pairs to the considered process. Our analytic results show that isoscalar pion pairs are mostly produced by two collinear gluons, which, in principle, opens a possibility to study the gluon content of the isoscalar ππ states. We predict sizable effects that could be measured at experiments like HERMES. As a promising kinematic range for a corresponding experiments we identified the m ππ -regions near the threshold and around the f 2 (1270) resonance and relatively large values of the Bjorken variable x Bj > 0.2. The m ππ -dependence should show a highly characteristic pattern. Our results are nearly parameter free such that experimental data would provide an excellent check for the whole formalism describing exclusive electroproduction processes with skewed parton distributions. In addition we have shown that studies of hard exclusive pion pair production near to the threshold open a new way to probe the effective chiral Lagrangian.
The other non-vanishing integrals are:
